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ABSTRACT

In this paper, we prove common fixed point theorem in intuitionistic fuzzy metric space with the help of.

occasionally weakly compatible mapping.
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INTRODUCTION

Fuzzy set was defined by Zadeh [1]. The.theory of fixed point is one of the basic tools to handleVarious physical
formulations. Later on the concept of fuzzy set was modified by George and Veeramani.[2].Fixed point theory is one of the
most dynamic research are in nonlinear analysis. It has a wide range of applicationin the fields such as economics,

computer science and many other.

Alaca et. al.[3] in 2006, redefined the notion of Intuitionistic fuzzy metric space as a generalization of KM —fuzzy
metric space. Alaca et. al. [3], further proved well known fixed point theorem of Banach [4], in intuitionistic fuzzy metric
space with the help of Grabic[5]. Turkogh et.al.[6] introduced the concept of compatible maps amd compatible maps of

type (o).and (B).in intuitionistic fuzzy metric space and gave some relation between compatible maps of type.(a).and (J).

Saadati et al [7 ], Singalotti et. al. [8 ], Sharma and Deshpande [9 ] and many other studied the concept of

Intuitionistic fuzzy metric space and its applications.. Aamri and Moutwakil [10 ] introduced the property E.A.
Sharma, Kutukcu and Pathak [11 ] introduced the property (S-B) in intuitionistic fuzzy metric space.
In 2008 Al- Thagafi and N. Shahzad [12 ] introduced the notion of occasionally.weakly compatible mappings..

PRELIMINARIES
Definition 2.1 [13]

A binary operation * : [0,1] x [0,1] —[0,1].is continuous t — norm if * satisfies the following conditions :
e s continuous,

e is commutative and associative,
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e a*l=a,forallac]0,1],
e a*b<c*d,whenevera<candb<d, for all a,b,c,d € [0,1].
Definition 2.2 [13]
A binary operation ¢ : [0,1] x [0,1] —[0,1].is continuous t- conorm if < satisfies the following conditions :
e & is commutative and associative,
e < is continuous,
e a0 =aforallae€]0,1],
e a<$b<c<¢d, whenever a <c and b<d, for all a,b,c,d € [0,1].
Remark 2.1

The concept of triangular norms ( t- norms ) and triangular conorm (t-conorms) are known as the Axiomatic
skeletons that we use for characterizing fuzzy intersection and unions, respectively. These concepts were originally
introduced by Menger [14 ] in his stydy of statistical metric spaces, several examples for this concepts where proposed by

many authors [15 ], [16 ].
Definition 2.3 [3]

A 5-tuple ( X,M,N, *, $) is said to be an intuitionistic fuzzy metric space.if X is an arbitrary set, * is a continuous

t-norm, ¢ is a continuous t —conorm and M, N are fuzzy set on X* x [ 0, o ) satisfying the following condition :
e MEYyt)+N(Eyt)<1, forallx,y.€ Xandt>0,
e M(x,y,t)=0, forall x,y.€ X,
e M(,y,t)=1,forall x,y.€ X and t> 0 if and only if x =y,
e My )=M(y,x,t), forall x, y.€ Xand t > 0,
e M(x,y,t) * M(y,z, s) < M(x,z,t+ s), for all.x,y,z € X and.s,t > 0,
e Forall x,y € X, M(x, y,.) : [0,0) — [0,1] is left continuous,
e lim_,,M(x,y,t)=1,forall.x,y.€ Xand t >0,
e N(x,y,0)=1,forall x,y.€X,
e N(X,vy,t)=0,forall x,y.€ X and t > 0 if and only if x =y,
o N(x,y,t) = N(y,x,t), for all.x,y.€ X and t > 0,
e Nyt ¢ N(y,z,8). > N(x,z,t+ s), for all.x,y,z € X and.s,t > 0,
e Forall x,y € X, N(x,y,.) : [0,00) — [0,1] is.right continuous,

e lim.,,N(x,y,t) =0,.for all.x,y.€ X.
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(M,N).is called an intuitionistic fuzzy metric space on X. The functions M(x,y,t) and N(x,y,t) denote the degree of

non- nearness between x and y with respect to t, respectively.
Remark 2.2 [3]

An intuitionistic fuzzy metric spaces with continuous t- norm * and continuous t- conorm <. defined.by a *a > a
and (1-a) ¢ (1-a) < (1-a), for all. a € [0,1]. Then for all x, y € X, M(x,y, *).is non decreasing and N(x,y,t) is non-

increasing.
Remark 2.3 [3]

Every fuzzy metric space (X,M,*) is an intuitionistic fuzzy metric space if X of the form ( X, M, 1-M, *, $ )such
that t —-norm * and t- conorm < are associated,i.e. x ¢y = 1- ( ( 1-x) * (1-y) ), for any X, y.€ [0,1]. But the convers is not

true.
Example 2.1 [17]

Let (X,d) be a metric space.Define a * b = min {a,b}and t- conorm a$b = max{a,b}, for all x, y € X.and t > 0

My(x,y,t) = t/t + d(x,y).and Ny (X,y,t) = d(x,y) / t+ d(x,y ). Then (X, M,N,*,$) is an intuitionistic fuzzy metric space.
Definition 2.4 [18]

A pair of self mapping (P,Q) of an intuitionistic fuzzy metric space (X,M,N,*,4%).is said to be compatible if.
lim,_, M ( PQx,, QPx,,t) =1 and.lim,_., N ( PQx,, QPx,,t ) =0, for every t>0, whenever {x,} is a sequence in X such that

lim,_,,, Px, = lim,_,.,, Qx,= z for some z € X.
Definition 2.5 [19]

Two self maps P and Q are said to be weakly compatible if they commute at coincidence points.
Definition 2.6 [20]

Let (X,M,N,*,%).be.an intuitionistic fuzzy metric space and P and Q be self maps on X. A point. x.€ X is called a

coincidence point of P and Q iff Px = Qx.
Definition 2.7

A pair of self mapping (P,Q).of an intuitionistic fuzzy metric space (X,M,N,*,$).is said to be Occasionally weakly

compatible if there. is a point in X which is coincidence point of P and Q at which P and Q commute.
Lemma 2.1 [3]

Let (X, M, N,*, $). be intuitionistic fuzzy metric space and for all x,y in X, t> 0 and if for a numbers € (0,1),
M(x,y,st) < M(x,y,t) and N(x,y, st) > N(x,y,t). Then x=y.

Lemma 2.2

Let P and Q be a self maps in an intuitionistic fuzzy metric space. (X,M,N,*,$).and let P and Q have a unique

point of.coincidence, z = Px = Qx, then z is the unique common fixed point of P and Q..
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Lemma 2.3 [3]

Let {z,} is a sequence in an intuitionistic fuzzy metric space (X, M, N,*, ¢). If there exists a.constant...s € (0,1)

such that
M (z, Zys1, SO =2 M (2.1, 24, £),
N (Zn, Zps1, St) <N (Zp.1, Zy, t), for alln =0,1,2,...
Then {z,} is a Cauchy sequence in X.

MAIN.RESULT

Let A, B, S and T be self maps of a complete intuitionistic fuzzy metric space. (X, M, N,*, $) satisfying the

following. Conditions:
e  AX) € T(X), B(X) € S(X),
e Sand T are continuous,
e There exists k €.(0,1) such that for all x,y € X and t>o,
M (Ax,By,kt) > M (Sx,Ty,t) * ¥2 ( M(Sx,Ax,t) + M(Ty,By,t) ) * M(Sx,By,t)
N (Ax,By.kt) < N(Sx,Ty,t) ¢.2 ( N(Sx,Ax,t) + N(Ty,By,t) ) & N(Sx,By,t)

If the pairs (A,S).and (B,T) are occasionally weakly compatible mapping on X. Then A,B,S and T have a unique

common fixed point on X.

Proof — AS A(X) € T(X) and B (X) € S(X)., then let.xo €.X be arbitrary. Now construct a sequence { y,}

such.that..ys, +1 = AX 2n = TXons1., Yoneo = BXons1 = SXons, forn=0,1,2,...

We first show that {y,} is a cauchy sequence in X.

Now by (3), we get

M( Axan,BXans1, kt ).= M( yans1, Yans2, Kt)

= M(Sxan, TXons1,8) * V2 (M( SXan, AXay, t) + M(TXap41, BXoge1,8) ) * M(Sxan, BXops1 1)
= M(¥2n, Y2041, *.Y2 (M(Y20,Y20,t ) + M(Yans15 Y2041, £) ) * M (Y20 Y20, 1)

M (Yan+1s Y2ns2, KO = M( yan, Yans15t)

Similarly, we can get

M(an+25 Y2043, KO = M ( Yani1, Yansa t)

Hence, we have

Y (G /T AT B IV [ 0 A B T PSPPSR @)
N(¥20+1, Yans2, kt) = N (AxXpy, BXopy, kt)

= N(Sxon, TXane1, 1) ¢ V2 (N(SXan,, AXop, t) + M(TXon41, BXona1at) ) & N(Sxap, BXoni 1)
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< N(yan, Yans15t) .72 (M(Yan,Y20,t ) + M(Yane1s Yans15 £) ) ¢ M (Y20 Y20, 1)
N (Y2041, Yans2, kKO) < N(Cy20, Y2n41,t)

Similarly, we have

N(ans2, Yaness KO). <N (yans1, Yansat)

Hence, we have

N (Yt 1s Ynr2s KE)rSe N(YmYme 1. Deveeeeoreeeeeeeeeoeeeseeeeeeeseesseeeseeeeeeseesseseeeeeseesesseeseesseseseeeeeeseeseseeeseeseeeseoeeeeseees e e eeees (ii)

Equation (i) and (ii), shows that {y,} is a Cauchy sequence. Since X is complete then {y,} converges to some

point z.€ X and so the subsequence,
{AX0n} 7 Zy {BXont1 ] — Zereeeeeeee e e (101)
D N e A U G e USSR .(iv)
Since (A,S) is occasionally weakly compatible mapping,then we have.Az.= Sz., and (B,T) is owc.mapping,then
We have.Bz = Tz.
Now, by (3), we have
M(Az, BXop.1,kt) > M( Sz, Txop,0,t ) * ¥2.( M( Sz, Az,t ) + M(TX2041,BXons1,t) ) ¥ M(Sz, BXopi1,t)
=M(Az, Txop1,t) * Y2.( M( AZ,AZ,t ) + M.(TX2041,BXons15t) ) ¥ M(AZ, BXap41,1)
Taking limit n—oo0,and using (iii) and (iv)., we get
M(Az,z,kt). > M(Az,z,t) * Va.( 1, M(z,z,t) ) * M(Az, z, t)
M(Az,z.kt) > M(Az,z,t)
Similarly, we get
N(Az, Bxypi1,kt) < N( Sz, Txppn,t ) & V2.( N( Sz, Az,t ) + N(TXo011,BXons15t) ) $N(Sz, Bxopy15t)
= N(Az, Txop15t) ¢ Y2.( N(Az,Azt ) + N (TXop41,BXons1,t) ) & N (Az, BXopyp,t)
Taking limit n—o0,and using (iii) and (iv)., we get
N(Az,zkt). <N(Azzt) ¢ Y.( 1, N(z,z,t) ) ¢.N (Az, z, t)
N(Az,z,kt) <N(Az,z,t)
It follows that, from Lemma 2.1, Az= z. Since Az = Sz, therefore z =Az = Sz
Again by (3), we get
M ( Xap, Bz, kt ) > M(SxXy,, Bz t) * V2 ( M(SXap, AXapt ) + M(Bz,Bz,t) ) * M(Sxy,, Bz,t)
Taking limit n—oo,and using (iii) and (iv)., we get

M(z,Bz,kt) > M(z,Bz,t) * V2 (M(z,,t) + 1 ) * M(2,Bzt)
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M(z,Bz,t) > M (z, Bz,t)

Similarly, we get

N ( X2y, Bz, kt ) <.N(Sx,, Bz t) ¢ Y2 ( N(Sx2,, AXap,t ) + N(Bz,Bz,t) ) ¢ N(Sx,,, Bz,t)

Taking limit n—oo, and using (iii) and (iv), we get

N(z,Bzkt). <N(z,Bz,t) ¢ V2 (M(z,z,t) + 1 ).$ N (z,Bz,t)

N(z,Bz,t).<.N (z, Bz,t)

It follows that, from Lemma?2.1, z = Bz, since Bz =Tz, hence it follows that.z = Bz = Tz.

Thus, we have

z= Az = Sz =Bz =Tz, hence from this we conclude that z is a common fixed pint of A, B,S and T.
UNIQUENESS

Let z, be another common fixed point of A,B,S and T.

Then, z = Az= Bz =Sz =Tz..and z; = Az=Bz=Sz=Tz

Now, by (3),

M(z,z;,kt) = M(Az,Bz, kt)

> M(Sz, Tz,t) * Va( M(Sz,Azt) + M(Tz, Bz t)) * M(Sz, Bz,,t)

> M(z, z,,t) * V2 (M(z, 21, t) + M(z4, Z1,t ) ) * M(zy, 2,,1).

M(z, z, kt) > M(z,z,,t)

And,

N(z,z;,kt) = N(Az,Bz, kt)

<N(Sz, Tz,t) & Y2( N(Sz,Az,t) + N(Tz;, Bz, t) ) ¢ N(Sz, Bz,,t)

<N(z, z1,t) ¢ Y2 (N(z, z;, t) + N(zy, Z1,t ) ) & N(zy, 1,0).

Hence, from Lemma 2.1, we get z = z,. This completes the proof
Corollary 3.2

Let (X,M,N,*,$) be a complete intuitionistic fuzzy metric space and let A,B,S and T be a self.. mappings of X
satisfying (1) —(3) of theorem 3.1 and there exist k €.(0,1) such that

M (Ax, Bx,kt ) > M (Sx,Ty,t) * M(Ax, Sx.t) * M(By,Ty,t) * M(By, Sx, 2t) * M(Ax, Ty,t)
N(Ax, Bx,kt ) < N(Sx,Ty,t) ¢ N(Ax, Sx,t).$ N(By,Ty,t).¢ N (By, Sx, 2t).$ N(Ax, Ty,t)
For.every x,y € X and t > 0.Then A,B,S and T.have a unique common fixed point in X.

Corollary 3.3
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Let (X,M,N,*,$) be a complete intuitionistic fuzzy metric space and let A,B,S and T be a self. mappings of X

satisfying (1) —(3) of theorem 3.1 and there exist k €.(0,1) such that

M (Ax, Bx.kt ) > M (Sx,Ty,t) * M(Sx, Ax,t) * M(Ax,Ty,t)
N(Ax, Bx,kt ) < N(Sx,Ty,t) ¢ N(Sx, Ax,t).¢ N(Ax, Ty, 1)

For.every x,y € X and t > 0.Then A,B,S and T.have a unique common fixed point in X.
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